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Let D be a positive integer with 2 1 D, and let p be an odd prime with p j D. In 
this paper we prove that if D #4pm - 1 (m E N), then the equation x2 + D = 4p” has 
at most two positive integer solutions (x, n). Moreover, if max(D, pzl)> 
exp exp exp 105, then the equation has at most one solution, where Z, is the least 
positive integer for which 4pz1 - D is a square. 0 1992 Academic PISS, I~C. 
1. INm013uC~10h’ 
Let Z, N, Q be the sets of integers, positive integers, and rational 
numbers, repectively. Let DE lV be odd, and let p be a prime with p j D. 
Further let N(D,p) denote the number of solutions’ (x, n) of the equation 
x2+D=4pn, x>o, n >o. (1) 
There are many works concerned with iV(D, p), including the following: 
1. (Nagell [ll]). N(7, 2) = 5. 
2. (Schinzel [12]). Ifp=2, D#2”-1 (HEN)), thenEq.(l)hasat 
most one solution (x, n) with n > 80. 
3. (Beukers [4]). If D=23 or D=2”-1>7 (HEN), then 
N(D, 2) = 1. Otherwise N(D, 2) G 1 for D > 7. 
4. (Skinner [ 131). If D = 4p” - 1 (m E N), then iV(D, p) = 2 except 
P” E (2, 3, 5). 
In this paper we prove the following result: 
THEOREM. Zf p # 2 and D #4pm - 1 (m E N), then N(D, p) G 2. 
Moreover, if ND, p) > 0 and max(D, pzl) > exp exp exp 105, then 
’ Throughout this paper, “solution” and “positive solution” are the abbreviations for 
“integer solution” and “positive integer solution.” 
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N(D, p) = 1, where Z, is the least positive integer for which 4pz1 -D is a 
square. 
The above theorem means that if p # 2 and D #4p” - 1 (m E N), then 
there exist only a finite number of D, p for which N(D, p) > 1. It is natural 
to conjecture that N(D, p) < 1 for this case. 
2. LEMMAS 
LEMMA 1 [3, Theorems 2, 31. Zf p # 2, D > 3, and the equation 
X2+DY2=4pz, gcd(X, Y)= 1, Z>O (2) 
has solution (A’, Y, Z), then it has a unique positive solution (X,, Y,, Z,) 
such that Z, < Z, where Z runs over all solutions of Eq. (2). Such an ordered 
triple (X,, Y,, Z,) is called the least solution of Eq. (2). Moreover, every 
solution of Eq. (2) can be expressed as 
Z=Z,t, X+v=,J X1+A2Y1J-D t 
2 1 ( ) 2 = Al= fl, 12= +1, 
where t is a positive integer with 3 j t. 
LEMMA 2 [7, Formula 1.761. For any positive integer m and any 
complex numbers a, 8, we have 
Cm/21 
am+pm= c (-l)j 7 (a+fl)“-2i(afl)‘, 
i=O [I 
where 
[I m J m-i-l)!m m i (m-2i)! i! ’ i=O,..., - [I 2 
are positive integers. 
Let a be an algebraic number with the defining polynomial 
aozr + a,z’--l + ... +a,-,z+a,=a,(z-oa,a)...(z-cra,a), 
where ola, . . . . a,a are all the conjugates of a. Then 
h(a)=: 
( 
loga,+ i logmax(1, lo,al) 
i=l > 
is called Weil’s height of a. 
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LEMMA 3 [9, Corollary 1.11. Let a,, u2 be non-zero algebraic numbers, 
and let 
Aj=max l,h(cr,)+log2, 
( 
2e llog ctj 1 
d 
) 
, j= 1, 2, 
where d is the degree of Q(a,, a*). Zf b, log a1 # b, log a2 for some positive 
integers b,, b2, then we have 
where B= max(b,, b2). 
LEMMA 4. Let (X, Y, Z) be a solution of Eq. (2), and let 
&= 
xs Y&z 
2 ’ 
E=X-Y&Z 
2 - 
Zf 
l&-El = IErn-Ernl 
for some positive integers m, then 
m < 7 x 106. 
(3) 
(4) 
(5) 
Proof We see from the proof of Lemma 3 of [ 141 that 
log JP-EmI >mlog I.sJ +log mlogi-klog(-1) -1og2, (6) 
where k is an integer with Ikl< m. From (2) and (3), .?/.s satisfies 
where (X2 - DY*)/2 is an integer. Hence, E/s is not a root of unity, its 
degree d is equal to 2, and its Weil’s height h(E/&) is equal to (log pz)/2. 
Therefore m log(E/s) # k log( - 1). Further, by Lemma 3, 
m log f - k log( - 1) > exp( -270. 24(log 2pz’2)(log 2)(7.5 + log m)*) 
> exp( -605O(log 2pz’*)(7.5 + log m)‘). (7) 
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Substituting (7) into (6), we get 
log 1.P - .Pl > m log 181 - 605O(log 2p=“)(7.5 + log VZ)~ - log 2. (8) 
Since 1~1 =pz’* and la-El = [Y-I c2p “*, if (4) holds, then from (8) 
we obtain 
log 4pz’* + 605O(log 2pz’*)(7.5 + log m)’ > m logpz’*, 
and thereby (5) follows immediately. The lemma is proved. 
LEMMA 5 [l]. Let f(X, Y) be a homogeneous polynomial of degree d 
with integer coefficients which is irreducible in Q. If d > 3, then all the integer 
solutions (X, Y) of the equation 
satisfy 
fGK Y)=l 
max(IXI, I YI) <exp((dH)(lod)s), 
where H is the height off (X, Y). 
LEMMA 6 [6]. Let a,, a2 be complex numbers with a2 #O. The solution 
of the difference equation 
4n+2 =alu,+l+a2u,, m>O 
which satisfies the initial conditions uo, u1 is given by 
24, = u,F(m) + (u, -a, uo) F(m - l), m 2 0, 
where 
if m<O, 
if m=O, 
a’1 a’2 
1 23 if m>O. 
LEMMA 7. Let E, B be defined as in (3), and let 
u 
E2m+l~~2m+l 
m= E-E ’ 
m >O, 
Then 
U,,, = E(m) -pZE(m - l), m 20, 
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where 
if m x 0, 
if m = 0, 
(2pz- Dy2)r’( -p2Z)rz, if m>O. 
Proof We see from (3) that U,,, (m 2 0) satisfy 
u,= 1, U,=3pz-DY2, U,,,+2=(2pz-DY2)U,,,+1-p2zU,,,, m>O. 
Thus, by Lemma 6, the lemma is clear. 
LEMMA 8 [ 51. The equation 
x2-5Y4= f4, gcd(X, Y) = 1 
has only positive solutions (X, Y) = (1, 1 ), (3, 1). 
LEMMA 9 [2]. The equation 
X3+X2Y-2XY2- Y3=l 
has only solutions (X, Y)= (l,O), (0, -l), (-1, l), (2, -l), (-1,2), (5,4), 
(4, -91, t-9,9. 
LEMMA 10 [15, Theorem 1.21. Let k~ N which is not a square. Suppose 
we can find A E Z, a E N, and an odd power w  of k such that A 2 + A = a2w 
for some A E N and 
Put 
a2w > IAl 2+sfr41+sf1 9 r,sEN. 
Then 
B 
I I --1 > 8 2JK 37=Sw3 + VI2 
for every odd power K of k and every BE N. 
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3. PROOF OF THEOREM 
By Nagell [lo] and Ljunggren [8], we see that N(3,7) = 2 and 
N(3, p) < 1 for p # 7. Below we may therefore assume that D > 3. 
Clearly, if Eq. (2) has solutions and its least solution (X,, Y,, Z,) 
satisfies Y, = 1, then Eq. (1) has the solution (x, n) = (X,, Z,). On the 
other hand, if Eq. (1) has a solution (x, n), then (x, 1, n) is a solution of 
Eq. (2). Let (X,, Y,, Z,) be the least solution of Eq. (2). By Lemma 1, we 
have 
?i=Z,t, x+J-D=* 
2 1 
A,= &-1, A,= fl, 
where t is a positive integer with 3 1 t. Let 
&= 
x,+ Y&z x,- Y,J-o 
2 ’ 
E= 
2 * 
From (9), we get 
I=;. I I 
(9) 
(10) 
(11) 
By Lemma 2, we obtain from (10) that 
cc21 
&‘+E’= c (-1)i ; [3 
l-G1 
i=O 
(&+E)‘-2’(&E)i= c (-1)i ; [I XI-2iPz’i i=O 
for every t E N. If t = 2’t,, r > 0, and 2 1 t,, then we have 
and 
(0 - 1)/Z 
=y, 1 
i=O 
Hence, by (1 1 ), we obtain 
(12) 
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and thereby Y, = 1. It follows that Eq. (1) has a solution if and only if 
Y1 = 1. Moreover, if N(D,p)> 1, then there exist some TV N, t> 1, for 
which (11) holds. 
If 2 1 t and (11) holds, then from (12) we get X, = Y, = 1. It follows that 
D=4pZl--1.Therefore21tforD#4pm-1 @ZEN). 
If t > 1, 2 ( Zi, and (11) holds, then we have (2~““)~ -x2 = D, whence 
we get 
4pz1 < 2~~~‘~)~~ + x < 2~“‘~ +x <D = 4p=’ -X; <4p=‘, 
a contradiction. Thus, if (x, n) is a solution of Eq. (1) which is different 
from (X,, Z,), then we have 
n=Z,t, 2jZlT IEN, t> 1, 2 1 4 
and 
l= 
I I 
&i--8: 
&1-E, ’ 
where 
E, = 
x,+&S 
E, = 
X,-J-o 
2 ’ 2 . 
If t = 5 and (14) holds, then we get 
(2pZ’ - 3xy - sxp = *4. 
By Lemma 8, we obtain X, = 1. If t = 7, then 
3Yt (13) 
(14) 
(15) 
By Lemma 9, we obtain p z* = 5 D = 19, and X, = 1. It follows that if 
D#4p”- 1 and (14) holds, then ; > 11. 
We now suppose that N(D, p) > 2. Then Eq. (1) has two solutions 
(xi, n,) and (x2, n2) such that 
n1 = z, t, 3 n2 =Zl t2, 21z,, f,, f2E N t,>t, 2 11, 2jt1t2 
and 
(16) 
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For any m E Z with m 2 0, let 
By Lemma 7, we have 
u m = E(m) - pZIE(m - l), m 2 0, 
where 
if m-co, 
if m =O, 
(2p _ D)‘l (-p)Q, if m > 0. 
Put A=2pZ1- D. We have 
-p=l 
(t,-3)/2-i A (t,- 3)/Z - 2i( -p2=l)i, I= 1,2. 
i 
(17) 
If (16) holds, then from (17) we obtain 
c$(A”~-““~-~,)=Z,+Z,+Z,, h1 = 21, cs2= +1, (18) 
where 
C(Q - IV41 
z, = c 
~(‘2-1)/2-2i(_~2Zl)i, 
i= 1 
C(Q - 3)/41 
z2= c 
(( 
A(t2-3)/2-2i(-p2Zl)i, 
i=l 
C(f2- I)/41 
I,= c 
(t2- 1)/2-i 
i=[(rl-1)/4]+1 
i > 
~(t2-1)/2-2i(-~2Z~)i 
C(f2- 3)/41 
-PZ’ c 
i= [(rl- 3)/43 + 1 ( 
(t2-3)/2-i 
i > 
~(f2-3)/2-2i( -p2Z~)i. 
We see from (16) and (17) that A’l-’ = +l (mod p) and pz’ I) A”-’ k 1. 
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Let d be the least positive integer such that Adz 6, (mod p). If 
~~~tAd-6,,thens~Z,.SinceZ,~Z~~Z~~O(modp2zL),weseefrom(18) 
and thereby t, - t1 E 0 (mod p). Further, if pk II t, - t,, then we have 
for i > 1. Therefore I, - Z2 = 0 (mod pk+2z1). Since s < Z,, 
P s+k 11 ,4(‘2-‘I)/* _ a2, I,=0 (modp 2Z1(C(t1-3)/41+1)+=1 1. 
We deduce from (18) that 
Z,+kas+k=2z, ([f$]+l)+zl, 
and thereby 
t2-t1>pk>p *Z1cC(rl-3)/41+ 1) > HP 
zl((rl- 1)/2) 
(19) 
On the other hand, since 83 (mod8), 2jZ,t,t,, and t,>t,>ll, we 
have D> 11 and 
x; + D = 4p=1’~ > 4WDW. 
By Lemma 10, we deduce that 
where v satisfies 
1 
v=pzl’l log36+&og81 +;<;. 
> 
By (20), we calculate that 
32+12t,>t2-t,. (21) 
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On combining (21) with (19) we get 
32 + 12t, B 3(“- l)“. 
It is impossible since t, > 11. Thus N(D, p) < 2. 
Now we prove the last conclusion. For any m E N with 2 1 m, let 
By the above analyses, if N(D, p) > 1, then there exists a unique t such that 
t~1anda,=1.Supposethatt=m,m,with1cm,~m,~t.Sincea,,~a,, 
we get a,, = 1, which is a contradiction. Therefore t is an odd prime. Then, 
by Lemma 2, 
[;]=1, [(t-tl),2]=t, tI[J]J=l,..., 9. 
By the Eisenstein theorem, 
j-(X, y)= &('y p-11/2-iyi 
i=o 
is a homogeneous polynomial of degree (t - 1)/2 with integer coefficients 
which is irreducible in Q. By Lemma 2, we get from (14) and (15) that 
f( -D, p”‘) = 1. (22) 
Note that t 2 11 and the height H of f(X, Y) satisfies H< 2’-‘. By 
Lemma 5, if (22) holds, then 
max(D,pZ1)<exp((2’-l (3)“““‘-‘“““)- (23) 
On the other hand, by Lemma 4, if (14) holds then t < 7 x 106. Substituting 
this into (23), we conclude that max(D, pzl) < exp exp exp 105. Thus, if 
max(D, pzl) > exp exp exp 105, then N(D, p) < 1. This completes the proof. 
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